Abstract. In this paper, we consider some rigidity results for the Einstein metrics as the critical points of some known quadratic curvature functionals on complete manifolds, characterized by some point-wise inequalities. Moreover, we also provide rigidity results by the integral inequalities involving the Weyl curvature, the trace-less Ricci curvature and the Sobolev constant, accordingly.
Introduction
In this paper, we always assume that M n is a complete manifold of dimension n ≥ 3 and g is a Riemannian metric on M n with the Riemannian curvature tensor R ijkl , the Ricci tensor R ij and the scalar curvature R. It is well-known that Einstein metrics are critical points for the Einstein-Hilbert functional H = M R on the space of unit volume metrics M 1 (M n ). In [3] , Catino considered the following family of quadratic curvature functionals
which are also defined on M 1 (M n ), and proved some related rigidity results. Furthermore, it has been observed in [2] that every Einstein metric is a critical point of F t for all t ∈ R (see (2.17) in Section 2). But the converse of this conclusion is not true in general. Therefore, it is natural to study canonical metrics which arise as solutions of Euler-Lagrange equations for more general curvature functionals. For instance, Anderson [1] proved that every complete three-dimensional critical metric for the Ricci functional F 0 with non-negative scalar curvature is flat. In [6] , Catino gave a characterization of complete critical metrics for the functional H = M with non-negative scalar curvature in every dimension. For the σ 2 -curvature functional on M 3 , Catino [5] proved that flat metrics are the only complete metrics with non-negative scalar curvature. By imposing some inequalities conditions involving the Weyl tensor W and the traceless Ricci tensorRic, with components W ijkl andR ij , respectively, we are able to prove a few rigidity results for the Einstein metrics considered as the critical points of the functional F t given by (1.1).
Firstly, we define two constants D n and E n by , if n ≥ 6.
(1.3)
Then our main results in this paper can be stated as follows:
) be a complete Riemannian manifold of dimension n ≥ 3 with positive scalar curvature and
Suppose that g is a critical metric for the functional F t over M 1 (M n ) with
then M n is Einstein. In particular, when n = 3, M 3 must be of constant positive sectional curvature; when n ≥ 4, if the parameter t also satisfies that
150 , when n = 4;
then M n must be of constant positive sectional curvature.
We recall that the Sobolev constant Q g (M ) is defined by
For example, any simply connected complete manifold with W ≡ 0 has positive Sobolev constant (see [18] ). Moreover, it is easy to see from (1.8) that
for any smooth L 2n n−2 -function u. With the help of (1.9), we can prove the following rigidity result:
) be a complete Riemannian manifold of dimension n ≥ 3 with positive scalar curvature and g be a critical metric for the functional
then M n is Einstein. In particular, (1) when n = 3, 4, 5, M n must be of constant positive sectional curvature; (2) when n ≥ 6, if we replace (1.11) with 12) then M n must be of constant positive sectional curvature.
Since there is no complete noncompact Einstein manifold with positive constant scalar curvature, the following results follows easily from the above two theorems:
) is a complete noncompact Riemannian manifold of dimension n ≥ 3 with positive scalar curvature and that g is a critical metric for the functional F t over M 1 (M n ) with t satisfying (1.5). If (1.6) holds, then it must hold that
) is a complete noncompact Riemannian manifold of dimension n ≥ 3 with positive scalar curvature and that g is a critical metric for the functional F t over M 1 (M n ) with t < − 
is identically zero. But in general the right hand side of (1.6) is strictly positive by (1.5) and the assumption that R > 0. Therefore, Theorem 1.1 actually reveals a pinching phenomenon for the function (1.15). Similarly, when n = 3, 4, 5, Theorem 1.2 also discloses a different pinching phenomenon for the quantity
(1.16)
The first two authors of the present paper have previously proved in [17] some rigidity results on Einstein metrics as the critical points of the same quadratic curvature functionals for the case of compact manifolds. Our theorems are then the generalizations of those conclusions to the case of complete manifolds.
Some necessary lemmas
Recall that the Weyl curvature W ijkl of a Riemannian manifold (M n , g) with n ≥ 3 is related to the Riemannian curvature R ijkl by
Since the traceless Ricci curvatureR ij = R ij − R n g ij , (2.1) can be written as
Furthermore, the Cotton tensor C is defined to be with the components
where the indices after a comma denote the covariant derivatives.
We define the (a, b)-Cotton tensor C (a,b) to be with the components as follows:
where a, b are two real constants. Clearly, the (1, 1)-Cotton tensor C (1, 1) ijk is exactly the Cotton tensor C ijk defined by (2.3). In order to state our results, we first introduce the following cut-off function. We denote by p ∈ M n and B r a fixed point and the geodesic sphere of M n of radius r centered at p, respectively. Let φ r be the nonnegative cut-off function defined on M n satisfying
with |∇φ r | ≤ 2 on B r+1 \B r . First, we give an integral estimate on complete manifolds as follows:
Lemma 2.1. Let M n be a complete manifold. Then for any two positive constants ǫ 1 , ǫ 2 , we have
Proof. From (2.4), we have
where we used the second Bianchi identityR ij,j = n−2 2n R ,i . Multiplying both sides of (2.7) by φ 2 r and integrating it yield
Using the Ricci identity, we have
which shows
Using the Cauchy inequality, we have
where we used the inequality
Substituting (2.11) and (2.12) into (2.10) yields
(2.14) 15) which together with (2.8) gives the desired estimate (2.6).
For complete manifold (M n , g) with the metric g critical for F t over M 1 (M n ), we have the following result.
Lemma 2.2. Let M n be a complete manifold and g be a critical for F t over M 1 (M n ). Then for any two positive constants ǫ 3 ∈ (0, 1) and ǫ 4 , we have 18) where λ = F t (g).
It is easy to see from (2.17) that
Applying the inequality
into (2.20) gives the desired estimate (2.16).
Lemma 2.3. On every Einstein manifold (M n , g), we have
21)
where C n is defined by
, if n ≥ 6.
(2.22)
In particular, if the scalar curvature of Einstein metric g is positive, then it is of constant positive sectional curvature, provided either
24)
where E n is given by (1.3); (2) for n = 5,
Proof. In [12] (or see [10] ), it has been proved for an Einstein manifold that
where the inequality in (2.26), we used the refined Kato inequality (see [7] ) of an Einstein manifold. When n = 4, 5, we have (see [4, 10] )
and
respectively. When n = 6, making use of the inequality proved by Li and Zhao [16] (see the formulas (13) and (14) in [16] , or see [8] ):
and Huisken [15] :
Hence, the desired estimate (2.21) follows by inserting (2.27)-(2.29) into (2.26).
Since the scalar curvature of Einstein metric g is positive, M n must be of compact from the Myer's Theorem. The estimate (2.23) comes from integrating both sides of (2.21).
Let v = |W |. Then (2.21) becomes
and hence
Therefore, for 2 − n−3 (n−1)α > 0, by virtue of (1.9) with u = v α , we have
When n = 5, taking
(2.33) shows that W = 0 and it is of constant positive sectional curvature. When n = 5, (2.33) becomes
which shows that W = 0 and it is of constant positive sectional curvature provided (2.25) holds. We complete the proof of Lemma 2.3.
The following lemma comes from [9, 13] (for the case of λ = 2 n−2 , see [4, 11, 14] 
Lemma 2.4. On every Riemannian manifold (M n , g), for any λ ∈ R, the following estimate holds
(2.37)
Proof of results

3.1.
Proof of Theorem 1.1. By combining (2.6) with (2.16), we derive
which gives
In particular, for any positive ǫ 1 , ǫ 3 , we have a 2 − (1 − ǫ 3 )a + (1 + ǫ 1 ) > 0. Hence, (3.2) is equivalent to
Now, we fixe ǫ 1 , ǫ 3 and minimize the function
Applying the inequality (2.37) with
into (3.4) and taking b = 1, we have
For all ǫ 1 , ǫ 3 , we have
where D n is given by (1.2). Using the fact that W is perpendicular toRic ∧g, we have
On the other hand, if
then we have
Moreover, taking
, we have
as ǫ 1 → 0 and ǫ 3 → 0, there exist two positive constants ǫ 1 , ǫ 3 such that
Hence, if
then (3.14) shows
which is equivalent to
It is easy to check that the scope of t satisfying both (3.9) and (3.15) is equivalent to (1.5). Therefore, if (1.5) and (1.6) both hold, then we have as r → ∞, which together with (3.18) shows that M n is Einstein. In this case, (1.6) becomes
n (n − 1)(n − 2) R, (3.21) which gives
n (n − 1)(n − 2) C n R. When n = 3, we have W = 0 automatically. When n ≥ 4 and t satisfies (1.7), we have
n (n − 1)(n − 2) C n R < 1 n R (3.23) which, combining with (2.23), shows that W = 0 and hence M n is of constant positive sectional curvature.
3.2. Proof of Theorem 1.2. From (2.37), it is easy to see When n = 4, 5, we can check that n − 1 2(n − 2) < E n , (3.35) which implies from Lemma 2.3 that W = 0 and hence M n is of constant positive sectional curvature. When n ≥ 6, it is easy to check 4 n 2(n − 1) n − 2 < n − 2 n(n − 1) + n 2 − n − 4 2 (n − 2)(n − 1)n(n + 1) (3.36)
. (3.37) Therefore, if (1.12) holds, then M n is also of constant positive sectional curvature.
We complete the proof of Theorem 1.2.
